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We give a construction of binary doubly even self dual codes as binary images of some 
principal ideals in a group algebra. In particular, we show how to produce such a code starting 
from any binary cyclic code with length not a multiple of 4 and dimension at least 3. 
1. Introduction 
For the fundamental concepts and results needed in this paper we refer to [11]. 
1.1. Binary doubly even self dual codes 
A (n, k) q-ary (linear) code C of length n and dimension k is a k-dimensional 
vector subspace of [GF(q)] n, where GF(q) is the Galois field with q elements. 
The elements of C are called codewords and the weight of a codeword is the 
number of its nonzero components. A code C is said self-dual if it is equal to its 
orthogonal code C ± relative to the usual dot product in [GF[q)]n: 
The binary self-dual codes (the case q = 2) and, in particular, those whose 
weights are multiple of 4 (doubly even self dual codes) have been studied 
extensively. A long series of papers by Pless and others concerns the classification 
problem for given lengths, many constructions, the automorphisms group (see for 
example [14, 15]). These codes, have connections with designs (for example [2]), 
lattices [3], some sporadic simple finite groups [18] and a putative projective 
plane of order 10 [10]. On the other hand, we know that there exists a class of 
such codes meeting the Gilbert-Varshamov bound. But we have no explicit 
construction of such a class [9]. 
An attempt o this was made by Camion [4] who introduced an infinite class of 
binary self-dual codes with length 2 m. Charpin [5] later proved that those codes 
axe not asymptotically good. 
An open problem consists in proving the existence and providing a construction 
of some of these codes whose lengths meet a certain bound, the extremal codes 
(see [11, Chapter 19]). In this paper we give a general construction of binary 
doubly even self-dual codes. 
* The results of this paper were presented at IEEE Symposium on Information Theory, Brighton, 
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1.2. The principle of the construction 
It is well known that q-ary cyclic codes of length n may be seen as principal 
ideals in a semi-simple algebra, the set of polynomials over GF(q) modulo x" - 1. 
Analogously, Camion has studied particular principal ideals in a non-semi-simple 
group algebra over a Galois field where the group is the additive group of the 
same or another Galois field. In this fashion, we obtain a class of self-dual codes 
called H-codes [4]. In the q-ary case, where q is a power of 2, the binary image of 
a H-code, relative to a convenient basis, is a binary self-dual code. 
In this way, we derive a construction of the Golay (24, 12, 8) code ([12, 19]) 
which suggests a permutation decoding method [20] and an extremal (64, 32, 12) 
code [13]. The present paper is a generalization of [21]. We shall show how to 
choose a generator of a H-code and a basis used to write down the binary image 
so that the constructed code will be self-dual and moreover will have all its 
weights multiples of 4. In particular, we show how to produce such a code starting 
from any binary cyclic code with length not a multiple of 4 and dimension at 
least 3. 
2. Binary images 
Def in i t ion 2.1. Let GF(T) denote the 2 r elements Galois field and B= 
{bl, b2 , . . . ,  br} be a basis of GF(2 r) viewed as a GF(2)-vector space. If 
x = (x l ,  x2 , . . . ,  x,,)• [GF(2r)] n, the binary image d(x) of x relative to B is 
1 2 V where xi = E~=I x~bj, obtained by replacing each component xi by xi, x i , . . . ,  xi, 
x{ e GF(2): 
1 2 • 
d(x)  - -  ( .  . . , x i ,  x i ,  . . . , x i ,  . . . ) .  
Example .  If r = 2, B = {1, t~} with a "2 = tr + 1 and x = (1, a~, a ,2, 0, tr), then 
d(x) = (1, O, O, 1, 1, 1, O, O, O, 1). 
The two following propositions are easy. 
Prolmsition 2.2. ff C is a (n, k, 6) linear code over GF(2"), then d(C) is a 
(nr, kr, D) linear code over GF(2), with D >1 6. 
Proposition 2.3. Let C be a dimension k linear code over GF(2r). f f  {ci[ i = 
1 , . . . ,  k} is a basis of C and {u s [j = 1 , . . . ,  r} a basis of GF(2 r) over GF(2), 
then {d(ufi) I i = 1 , . . . ,  k, j = 1 , . . . ,  r} is a basis of the linear code d(C) over 
GF(2). 
Among the basis of GF(2") over GF(2) we may classically distinguish the 
following types. 
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Definition 2.4. A normal basis of GF(2 ~) over GF(2) is a basis B formed by the 
conjugates of one element hat is 
B-  B(u) - -  (u ,  u 2, u22 , . . . ,  u2', . . . , u2"-l}. 
A trace orthogonal basis (TOB) of GF(2 ~) over GF(2) is a basis B = 
{bl, b2 , . . . ,  b,} such that tr(bibj) = 6#, where tr Z = Z + Z 2 +- - .  + Z 2' +- . -  + 
Z 2"-~ is the trace of the element Z e GF(2 r) over GF(2) and 6ij is the Kronecker 
symbol. 
A normal trace orthogonal basis (NTOB) is naturally a basis that is at the same 
time normal and trace orthogonal. 
Proposition 2.5 ([11, Chapter 4]). For all r there exists a normal basis of  GF(2 ~) 
over GF(2). 
Proposition 2.6 ([8]). For all r. there exists a TOB of GF(2 ~) over GF(2). 
Proposition 2.7 ([7]). There exists a NTOB of GF(2") if and only if 
r @ 0 (mod 4). 
The following remark is evident. 
ll]'Oposi|io Ill 2.8. I f  (Xl, X2,  . . . , Xr) are the components of  x ~ GF(2 r) relative to a 
normal basis B, then those of x 2 are (xr, xl, x2, . . . , x,-1) (cyclic shift). 
Proposition 2.9. I f  C is a self-dual code, then its binary image relative to a trace 
orthogonal basis is also self-dual. 
The proof is evident from the property; tr(x, y) = (d(x), d(y)),  ( , )  denoting 
the usual scalar product. 
3. H-codes 
Let m and r be two non-zero natural numbers and G = (GF(2m), +) be the 
additive group of the field GF(2m). 
Recall the group algebra A = GF(2")[G] of G over GF(2") is the set of formal 
polynomials 
x = ~ xsX~, with xg ~ GF(2r), 
gEG 
equipped with the following operations ([1, Chapter 4]) 
geG g k 
= GF(2"). 
geG 
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We define codes in the algebra A as follows. If G = {go, g l , . . . ,  g,-1}, then 
each element x = Eg xgX ~ in A is identified with the n-tuple 
x = (Xso, xg , , . . . ,  xgn_,) • [GF(2")]". 
In this way, each subspace of A, in particular each ideal, is identified with a 
linear code over GF(2 r) of length n = I GI. This identification will be used 
consistently in the following. 
Def in i t ion 3.1. Let H be an hyperplane of the GF(2)-vector space GF(2 m) and let 
x = ~g X g e A be such that 
E E x8=1. 
geH g~fH 
Then the principal ideal (x) generated by x in .4 is called an H-code. 
Theorem 3.2 (Camion). An H-code C is self-dual (C = C±). I f  C is generated by 
x, then {xX g ] g ~ H} is a basis of C. 
The preceding definition and theorem has been introduced, in the binary case, 
by Camion [4] who also observed that the code is doubly even if and only if the 
weight of x is a multiple of 4. 
The proof of the theorem in the general case is practically the same as in the 
binary case. 
Remark 3.3. Proposition 2.9 implies that the binary image of an H-code relative 
to a trace orthogonal basis is self-dual. Some extended Reed-Solomon codes are 
H-codes ([6, 16]). In particular, we found as binary images of such codes, the [24, 
12, 8] Golay code ([12, 19]) and an extremal (64, 32, 12) code. Moreover we have 
deduced from this a permutation decoding of the Golay code [20]. 
3.1. Practical construction of a H-code (Rabizzoni) 
We may easily write down after Rabizzoni [17] the generating matrix of a 
H-code. More precisely, starting from a word in [GF(2r)] ~ satisfying some 
conditions, we may construct the generating matrix of a code of length n which is 
identified with a H-code (as indicated above). This doesn't need explicitly any 
ordering of the elements of G nor the knowledge of the hyperplane H. We only 
indicate here the construction algorithm and the outline of the theoritical 
justification for which we refer to [17]. 
Define a chain of subspaces of G 
Ho~ HI  ~ " " "cH ic"  " cH~- I -  H, 
where ~ has dimension i, then label G as 0 = g(0), g(1),..., g(2 m - 1) in order 
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that 
= {g(O), g (1 ) , . . . ,  g(2 ~ + 1)}, 
and g(2' + t) = g(t) + g(2'), t = 0, 1 , . . . ,  2' - 1. 
Then //~+1 = ~ LI {Hi + g(2/)}, i = 0 , . . . ,  m -- 2. Let x = (xl , .  • . ,  xn) be in 
[GF(2")] ~, n = 2 m and define a 2½ m x 2 m matrix R(x) in the following way: 
The first 2' rows of R(x) form a 2' x 2" matrix Ri(x) = (Mo, M1, . . . ,  M2--,), 
where the M/are square matrices of order Z, and 
(M0, M1, M2, M3, • • •, M2--,, M2--,~ 
R,+I(x) = kMI, Mo, M3, M2, , MEn,-,, M2m-,]' with Ro(x) =x. 
If now x is such that 
~Xi= ~ x i=l ,  
i=1 i=½n+l 
and x = Eixg(oXg(°, then (XS(°x), i=O, . . . ,  2 m-~-  1 yields the rows of a 
generator matrix of the H-code generated by x. If G is labeled as above this 
generator matrix is R(x). (This doesn't need explicitly the knowledge of the Hi.) 
Example. m = 3 
Let x = (1, 0 0 0, a, b, c, d) e [GF(2r)] 8 be such that a + b + c + d = 1, then 
Ro(x) = (1, 000,  a, b, c, d), 
(1, OOO, a ,b ,c ,~)  
Rl(x)= O, lO0, b,a,d, ' (i000abci) l OObad 
R(x)=R2(x)= 0 1 0 c d a ' 
0 0 1 dcb  
and R(x) is a generator matrix of a H-code. 
Remark 3.4. When we shall say, in the following, that a vector of [GF(2r)] n 
generates a H-code, n = 2", this H-code will be the one obtained by the 
preceding construction. 
Remark 3.5. By Definition 3.1 every H-code may be obained by this method. 
4. Construction of binary doubly even self-dual codes 
4.1. Principal theorem 
Theorem 4.1. Set n = 2 m, m a natural number. Let C be a H-code generated by 
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the vector x = (xl, x2, . . . , xn) in [GF(2")] n, B(u) a normal trace orthogonal basis 
of GF(2") and d the mapping "binary image" associated to B(u). I f  
(a) There exists a permutation :r of  {1, 2 , . . . ,  n} such that x 2 = x,,(i) for all 
i= 1, 2 , . . . ,  n, and 
(b) The weight of d(ux) is a multiple of 4, then d(C) is binary doubly even self 
dual code. 
Remark. The condition (a) means that the components of x is an union of orbits, 
not necessarily different, for the Galois group of GF(2") over GF(2). 
Proof. By Remark 3.3, d(C) is a self-dual code. To show that every weight of 
d(C) is a multiple of 4 we shall use the following lemma whose proof is 
immediate. [] 
Lemma 4.2. Let ~ be a self-dual binary code. Every weight of ~ is a multiple of 4 
if and only if every codeword in a basis of ~ has a weight which is a multiple of 4. 
By Proposition 2.3 and Theorem 3.2 
{d(u2~xXg) I g e l l ,  j = O, 1 , . . . ,  r -  1} 
is a basis of d(C). The components of these vectors are obtained from those of 
d(u~/x) by a permutation because the mapping y - ,  yX 8 permutes the components 
ofy. 
On the other hand, for each i, x~ =x=(o. This means that xi =x2o(o with 
a = :r -1 and also xi = x~, where t = aJ(i). Hence u~xi = (uxt) ~ and this shows that 
the components of u~x are obtained from those of ux by a permutation followed 
by raising to the power 2 j. But, by Proposition 2.8, this operation only permutes 
the components of d(ur). Finally, for each j and g the components of d(u~xX g) 
are obtained by permuting those of d(ux). 
Consequently, all the words of the considered basis have the same weight 
w(d(ux)) and if this weight is a multiple of 4, the proof of the theorem is 
completed by applying Lemma 4.2. 
4.2. Two classes of codes 
We shall consider here two particular cases where Theorem 4.1 is used. 
Case 1. Construction from cyclic codes 
This construction produces a doubly even self-dual binary code from any (n, k) 
cyclic code over GF(2) such that n is not a multiple of 4 and k I> 3. 
Theorem 4.3. Let m be a natural number not a multiple of 4, B(u) a normal trace 
orthogonal basis of GF(2") and C a (m, k) cyclic code over GF(2), k >13. 
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Suppose that the non-zero codewords of C have associated polynomials (modulo 
X m-  1): 
ml(x), m2(x) , . . . ,  m2,-l(x), 
m-1 
with mi(x) = ~ a#x s, aij • GF(2), 
/=0 
and define the element Oi of GF(2 m) by 
ra--1 
0 i "-" ~ a#u 2J, i - -  1, 2 , . . . ,  2 k -  1. 
j=O 
I f  g ----- (e l ,  F.2, • • • , e2* ) ,  with ei • {0, 1}, is a codeword whose weight is 
congruent o -1  modulo 4 and if x = (el, e2,  . . . , E2 k, 1, 0 , . . . ,  02k_1) ,  then x 
generates a H-code whose binary image relatively to B(u) is a doubly even 
self-dual binary code. 
Proof. The proof consists in verifying the conditions of Definition 3.1 for x to 
generate an H-code and also conditions (a) and (b) of Theorem 4.1. 
To show this w-e shall use the following lemma. 
Lemma 4.4. Let B = u,  u 2,  . . . , u 2" -1  be a NTOB of GF(2m). Then 
(i) The mapping F :R---> GF(2 m) from the algebra R of polynomials modulo 
x m-  1 to GF(2 m) defined by 
)mi  F(i~_ O_aixi = .= ai u21 
is a vector space isomorphism. 
(ii) The images by F of the cyclic codes (principal Meals of R) are precisely the 
vector subspaces of GF(2 m) over GF(2) that are invariant under the Galois 
automorphism v ---> v 2. 
Proof of Lemma 4.4. The first part is immediate. For the second part, we 
observe that the multiplication by x modulo x m - 1 in R corresponds, by the map 
F, to the squaring in GF(2m). [] 
Proof of Theorem 4.3. 
(1) x generates a H-code. Since the weight of e is odd (being congruent to -1  
(mod 4), we have 
2 k 2 k 
~ X i -- ~ e i = 1, 
i=1  i= l  
where the components of x are denoted xi. On the other hand, 
2k+ I 2 k -- 1 
x i= l+ ~ Oi=l,  
i~2k+1 i=1  
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Because by definition of the 0i and Lemma 4.4 the 0i are precisely by the 
non-zero elements of a vector subspaee of GF(2 m) the sum of which, as is well 
known, is zero. 
The assertion (1) is then a consequence of Theorem 3.4. 
(2) x verifies the condition (a) of Theorem 4.1. This comes from the definition 
of the Oi, the Lemma 4.4 and the fact that each binary element is fixed by the 
Galois automorphism. 
(3) x verifies condition (b) of Theorem 4.1. We have 
lAX  " -  (UE1,  UE2,  • . . , UE2t  , U ,  uO1,  • . • , U02k_ l ) .  
Now, through binary image relative to B(u), u is replaced by 1, 0 , . . . ,  0, uei 
by 1 ,0 , . . .  ,0 (if ei--1) or by 0 ,0 , . . .  ,0 (if e~ = 0). The elements uOi are 
replaced by binary vectors whose set c¢, augmented by the zero vector, is a k 
dimensional vector subspace of GF(2) m because the set {0, 01 , . . . ,  Oz~-~} is a 
k-dimensional vector subspace of GF(2m). So c¢ t.J {0} is a (m, k) code over 
GF(2) and we know (see [11, Chapter 5]) that the sum of the weights of these 
codewords is a m2*-k Hence the weight of d(ux) is 1 + weight of e + multiple of 
2 k-~ and this number is a multiple of 4 because the hypothesis on e and k have 
been chosen for that. 
Case 2. This construction is the one in [20] where the proof of the following 
theorem is given. 
Theorem 4.4. Let r = 2 m-1 - -  1, m I> 2, G = (GF(2m), +), B(u) a normal trace 
orthogonal basis of GF(2r), H an hyperplane in GF(2 m) and 
GF(2m) \H= {go, gx, . . . , gr}. 
Then 
r 
x = 1 + Xg0 + ~ (u 2'-' + uZ')X g, 
i - -1 
generates a H-code in the group algebra GF(2r)[G] whose binary image relative 
to the base B(u) is a doubly even self-dual binary code. 
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